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Part I I .  Oscillating Helically Coiled Tubes 

The numerical method of Part I is extended to study periodic laminar 
flow in helically coiled tubes of square cross section oscillating sinusoidally 
about their helix axis. Depending on the relative strength of the wall veloc- 
ity and the velocity of flow through the tube, one of three flow regimes oc- 
cur. When the wall velocity is small, the computed results resemble these 
for a stationary helix. When the wall velocity dominates, the direction of 
the secondary flow is reversed. When the wall and flow velocities are com- 
parable, the secondary flow pattern vanes periodically in time and some- 
times alternates in direction. 
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This part explores fluid flow in helically coiled tubes of 
square cross section oscillating about their helix axis. The 
fluid near the wall is dragged back and forth by wall mo- 
tion. When the wall velocity is larger than the flow veloc- 
ity, the fluid near the wall experiences larger centrifugal 
forces than the interior fluid and is thus thrown outward, 
away from the helix axis. Replacement fluid flows inward 
through the center of the cross section. The resulting twin 
counterrotating vortices resemble those found in secondary 
flow in stationary helically coiled tubes (see Part I), but 
the rotation is in the opposite direction. These wall mo- 
tion induced secondary flows can be very strong. 

Helically coiled tubes oscillating about their helix axis 
have been proposed by Bartlett and Drinker et al. (1969) 
as blood oxygenators. Experiments show high rates of 
oxygen transfer across tube walls made for semipermeable 

silicone membranes into blood. Cross-sectional mixing by 
strong secondary flows induced by the wall motion sub- 
stantially eliminated mass transfer resistance within the 
blood. Moss (1971) attempted by correlate friction fac- 
tors and mass transfer rates based on an approximate 
analysis. Another proposed application is an inertia type 
of pump (Fisher, 1959-1963). The authors of this paper 
believe there are additional potential applications such as 
continuous blenders, continuous polymerization reactors, 
and continuous centrifuges. 

The objective of this study is to use numerical methods 
to survey the interaction of flow through helically coiled 
tubes caused by a constant pressure or constant flow driv- 
ing force and the oscillation of the helically coiled tubes. 
The seven cases studied vary the flow for a constant 
radius of curvature and frequency of oscillation. 

CONCLUSIONS AND SIGNIFICANCE 

The computed solutions confirm that oscillating a 
helically coiled tube about its mandrel axis can induce 
strong secondary flows. Three flow regimes can be dis- 
tinguished. When the maximum velocity of the oscillating 
tube wall is small compared to the velocity of flow through 
the tube, the effect of the oscillation is to reduce the 
strength of the secondary flow associated with flow through 
stationary helically coiled tubes. When the wall velocities 
are comparable to the flow velocity, the secondary flow 
varies periodically with time, sometimes changing direc- 
tion during the oscillation. When the wall velocities are 
large compared to the flow velocity, there are two strong 

Correspondence concerning this paper should be addressed to R. 1. 
Adler. 

counterrotating vortices in the cross section, rotating op- 
posite in direction to those observed in stationary helically 
coiled tubes. 

Numerical methods are judged practical for calculating 
flow solutions for oscillating helically coiled tubes, at 
least over the range of variables studied in this work; solu- 
tions required three to four min. of computer time (Uni- 
vac 1108). 

The results reported here, together with prior studies 
of others, give a more detailed and systematic picture of 
fluid flow in oscillating helically coiled tubes than has been 
available heretofore. It is hoped that the additional back- 
ground will encourage further investigations and uses of 
oscillating helically coiled tubes for process applications 
(see Scope). 
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EQUATIONS OF MOTION 

Consider a helix oscillating sinusoidally about its man- 
drel axis as shown in Fi ure 1. The angular velocity of 
the tube walls is a perioic function of time. For incom- 
pressible fluids the flow is fully developed exce t near the 

a good approximation for small angles of pitch. The co- 
ordinate system is the same as in Part I. The effect of the 
oscillation is to introduce a periodic boundary condition 
for axial velocity at  the wall. The Navier-Stokes equations 
of motion and the continuity equations in dimensionless 
variables are as follows: 

au au V au ( u / r ) W  -= -u - - -  -+ aT ax x aY 1 + (u / r )X  

entrance and exit. As in Part I, the geometry o ]I a torus is 

aw - aw V aw . ( a / r ) U w  - - - u - - - - -  
aT ax A aY 1 + (a/r)X 

ap a2w 1 a2w 

(1 + (a/r)X) a 2  axz A ay2 
-+-+-- 1 - 

a a 
dX xay 
-[I + (a/r)X]U + - [1+ (u/r)X]V = 0 

( 1 4  
The flow is symmetric about the X-axis and hence a 

solution is necessary only in the upper half plane. Bound- 
ary conditions are based on no slip at the walls. 

along the wall boundary 

The factor [l + ( a / r ) X ]  incorporates the effect of radius 
of curvature on the axial velocity of the wall. Symmetry 
with respect to the X-axis yields the boundary conditions 
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1- U = O  
v = o  
W = Wo[l + (a/r)X] sin nT 

I 
_ _  --=o 
aY 

V = 0 } along the X-axis boundary 

aw -=o J aY 
Two different types of boundary conditions are con- 

Case I :  The axial pressure gradient is maintained con- 
sidered in the Z direction. 

stant, that k, 

Condition (2) corresponds to flow from a constant pres- 
sure source, such as a standpipe, a tank of liquid pres- 
surized by gas or a centrifugal pump in series with a large 
flow resistance. 

Case ZZ: The flux through the helix is maintained con- 
stant. 

(3) 
where 

Condition (3)  applies when there is a constant flow 
source, such as a gear pump driven at constant speed. 

The flux through the helix is the net flow through a 
cross section fixed to the walls, that is, the integral of 
Wrel, the relative axial velocity of the fluid with respect 
to a coordinate system fixed to the walls. The flux through 
the helix is equal to the flux entering or leaving the 
stationary tubes affixed to the end of the helix. 

W,1= W - Wo[l + (a/r)X] sin nT. 

METHOD OF SOLUTION 

Equations ( l a ) ,  ( I b ) ,  and (1c) are solved using the 
numerical scheme developed in Part I. The important dif- 
ferences are in the choice of initial conditions and the test 
for convergence. The mesh is the same as employed in 
Part I. 

The initial condition for the oscillating helix were the 
velocities in a straight pipe oscillating at the same am- 
plitude, frequency and axial pressure gradient (in Case I )  
or throughput (in Case 11). The equations describing flow 
through an oscillating straight tube are 

(4) 
aw PW a2w ap --.--+--- - 
aT ax2 ay2 az 
W = Wo sin oT on the wall boundary 

aw 
aY 
-= 0 along X =  0 

The above equations are solved using the same finite- 
difference technique used in solving Equations ( l a ) ,  
( l b ) ,  and ( lc ) .  The solution to the oscillating straight 
tube provided a close approximation to the axial velocity 
profile in the oscillating helix. 

Equation (3) ,  the integral constraint on the axial veloc- 
ity in Case 11, is satisfied by replacing the integral with a 
summation over all the mesh cells. The finite differenced 
equation for the axial velocity is substituted into the sum- 
mation to obtain an equation for the axial pressure gradi- 
ent. At the beginning of each time interval the axial pres- 
sure gradient at the succeeding time interval is calculated, 
and using this value the axial velocities are updated. 

Convergence is assumed when the velocities at the be- 
ginning of consecutive oscillations differed by less than 
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Fig. 2. Flow chart. 

1%. The axial velocities for the straight oscillating pipe 
converged in less than ten oscillations. The solutions for 
the oscillating helix converged in three or fewer oscilla- 
tions in all runs. The computing time required varied from 
three to four minutes per run on a UNIVAC 1108 com- 
puter. 

Consistency of the solution was checked by repeating 
the calculation after halving the time step. About eighty 
steps per oscillation were required to maintain the ac- 
curacy of the solutions to 1% (percentages calculated 
with respect to the maximum value in the cross section). 

A flow chart of the computer program is shown in 
Figure 2. 

RESULTS 
A summary of computed solutions is given in Table 1. 

In Runs 1 to 4 the axial pressure gradient was maintained 
constant (Boundary Condition I ) ,  and in Runs 5 to 7 the 
flow through the helix was maintained constant (Bound- 
ary Condition 11). Axial velocity profi!es and streamline 
contours for selected runs are shown in Figures 3 through 
7. Appendix VI' gives more extended results. All runs 

* Appendix VI is contained in the supplement deposited as Document 
No. 02671 with the National Auxiliary Publications Service (NAPS), 
c/o Microfiche Publications, 440 Park Ave. So., N. Y., N. Y. 10016 and 
may be obtained for $1.50 for microfiche or $5.00 for photocopies. 
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Fig.B. Run 1, stream function and axial velocity. 

TABLE 1. SUMMARY OF COMPUTED SOLUTIONS 

Axial Flux 
pressure through 

Run Figure Boundary Amplitude, gradient, helix, 
No. No.$ condition* WO ap/az F 

1 3  Case I 20.0 -20.0 11.001 
2 4  Case I 20.0 0.0 0.000 
3 5 Case I 20.0 - 80.0 43.860 
4 -  Case I 200.0 -80.0 44.610 
5 6  Case I1 20.0 Fig. VI-6 0.0 
6 -  Case I1 200.0 Fig. VI-9 10.0 
7 7  Case I1 20.0 Fig. 9 20.0 

* Case I. Constant axial pressure gradient. See Equation (2). The flux 
through the helix varied with time. The value given is the time averaged 
flux. 

Case 11. Constant flux. See Equation (3). The axial pressure gradient 
varies with time as shown in figures indicated. 

a/? = 0.02 for all run numbers. 
t Additional figures are contained in Appendix VI. 

utilized the same dimensionless frequency of oscillation 
and curvature ratio of the helix. The computer program 
can be used for a wide range of curvature ratios; how- 
ever, since the main objective was to investigate the in- 
teraction of flow and oscillation, the curvature ratio was 
not varied in this work. Similar considerations apply to the 
dimensionless frequency of oscillation (except that much 
higher frequencies would require a finer spatial mesh be- 
cause the boundary layer becomes thinner as the fre- 
quency increases). 

Runs 2, 4, 5, and 6 illustrate examples where the maxi- 
mum wall velocity is greater than the velocity of flow, 
that is, the average velocity of the fluid flowing through 
the helix if it were stationary. The axial velocity of the 
fluid near the wall is greater than the velocity near the 
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Fig. 6. Run 5, stream function and axial velocity. 

center and the secondary velocities are opposite in direc- 
tion to those observed in stationary helical coils. See 
Figures 4 and 6. The magnitude of the secondary flow 
strongly depends on the wall velocity. 
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Fig. 5. Run 3, stream function and axial velocity. 

In Run 3, the velocity of flow is greater than the wall 
velocity. The secondary velocity pattern is similar to that 
in stationary helices, but the magnitude of the secondary 
velocities is somewhat less and varies periodically with 
time due to the periodicity of the axial velocities near the 
wall. 

Runs 1 and 7 illustrate cases where the velocity of flow 
and the maximum wall velocity are comparable. The 
point of maximum downstream velocity shifts from near 
the wall to near the center and back during the oscilla- 
tion. The result is a complicated and changing secondary 
flow. In Run 7, the secondary flow completely reverses 
direction during the oscillation. In Run 1, up to six eddies 
are observed in the cross section due to the changing axial 
velocity profile. See Figure 3. 

When Boundary Condition I is applied (Runs 1, 2, 3, 
and 4) the flux through the helix is approximately a 
sinusoidal function of time as illustrated by Figure 8 which 
gives the average axial velocity of the fluid, the average 
wall velocity and the average relative velocity of the fluid 
with respect to the wall for a typical run (Run 1). The 
average relative velocity of the fluid with respect to the 
wall is the flux through the helix divided by the area of 
the cross section of the helix. 

The axial velocities in Case I1 are nearly constant 
throughout the cross section and approximately equal to 
the wall velocity. The fluid undergoes strong accelerations 
and decelerations in order to keep the flux through the 
helix constant. These accelerations require time-varying 
pressure gradients much larger than those required to 
maintain the same steady flux in a stationary helix. In 
Run 7, the axial pressure gradient varies from 6000 to 
-6000 during the oscillation whereas only an axial pres- 
sure gradient of about 20 is required to cause the same 
flux in a stationary helix. See Figure 9. 
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= half the width of the rectangular cross section in 

= half the height of the rectangular cross section in 

= flux through the helix = 4 wrel 

the X-direction 

the Y-direction, equal to a for square helices 
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Fig. 8. Run 1, average axial velocities. 

= pressure 
= dimensionless pressure = a2p/pv2 
= radius of curvature of the helix 

= dimensionless time = tv/a2 

= dimensionless velocity in X-direction = apu/p 

= dimensionless velocity in Y-direction 
= velocity in 2-direction measured in a stationary 

coordinate system. The coordinate system is 
shown in Part I of this work. 

g 
r 
t = time 
T 
u = velocity in X-direction 
U 
IJ = velocity in Y-direction 
V 
w 

W 
W,, = dimensionless velocity in 2-direction averaged 

= dimensionless velocity in 2-direction = apw/a 

1 1 
over the cross section = - 

4 $-, WdX dy 

Wo 

Wrel = relative velocity of fluid = W - Wwall 
Wrel = relative velocity of fluid averaged over the cross 

= amplitude of wall velocity at X = 0, dimension- 
less 

- 

Wwall = average wall velocity = wall velocity on the Y- 

x = dimensional coordinate in cross-sectional plane 

X = dimensionless coordinate = x/a  
y 

Y 
z 
2 = dimensionless coordinate = z / a  

Greek Letters 

p = fluidviscosity 
v 
p = fluid density 
t,~, 

o = angular velocity 
CI 

axis = Wo sin nT 

parallel to radius of curvature 

= dimensional coordinate in cross-sectional plane 

= dimensionless coordinate = y/ah 
= curved spatial coordinate along tube centerline 

perpendicular to the radius of curvature 

= a parameter = b/a = 1 for square helices 

= fluid kinematic viscosity = p /p  

= dimensionless stream function defined in Part I 

= dimensionless angular velocity = a2dv 
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Oxygen Transfer in Fermentation 
GEORGE 1. TSAO and DOUGLAS D. LEE 

The rate of biological processes in aerobic fermentation and waste 
water treatment is often limited by the rate of dissolution of oxygen 
from air bubbles into the liquid. A clear understanding of interfacial re- 
sistance to oxygen transfer is thus of importance. An oxygen sensing micro- 
probe was used to detect a stagnant film and a penetrable zone near an 
air-water interface contaminated with surfactants. The technique, when 
used in clean water, can also measure the frequency of surface renewal. 
A linear relationship was found between the square root of the renewal 
rate sO.5 and the interfacial mass transfer coefficient kL, which is predicted 
by the Danckwerts theory. 

SCOPE 
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Iowa State University 

Ames, Iowa 50010 

Mass transfer is an important phenomenon in all fer- 
mentations which always involve several heterogeneous 
phases. Even the simplest system contains at least two 
phases: discrete microbiological cells and a continuous 
aqueous solution of nutrients. In oxygen requiring proc- 
esses of aerobic fermentation and waste water treatment, 
a third phase of air bubbles is often introduced. Gas- 
liquid contacting in microbiological systems is compli- 
cated by the fact that oxygen consuming microbiological 
cells are often absorbed on surfaces of gas bubbles, which 
creates a nonuniform distribution between the interfacial 
zone and the rest of the reaction mixture. Mass transfer 
theories for ordinary gas-liquid contacting do not seem 
to hold in biochemical and biological processes as observed 
and discussed by Tsao (1972), Lee and Tsao (1972, 
1973), and Tsao, Mukerjee and Lee (1972). 

Based upon his results on carbon dioxide absorption by 
an aqueous buffer in the presence of an enzyme, carbonic 
anhydrase, Tsao (1972) postulated an interfacial mass 
transfer model involving two zones: a stagnant film heavy 
with absorbed microbiological cells and absorbed sur- 
factants and a renewable zone penetrable by liquid ele- 
ments due to turbulence in the liquid bulk. 

In this paper, an experimental examination of the two 
zones was made by using a microprobe sensor at the sur- 
face of a protein solution. The microprobe was used to 
measure not only the thickness of the stagnant film but 
also the frequency of renewal in the penetration zone. 
The experimental technique was also employed to in- 
vestigate the interfacial phenomenon in a clean water 
system and provided some valuable experimental evidence 
of surface renewal. 

CONCLUSIONS AND SIGNIFICANCE 

An oxygen microprobe is an inert material coated, long 
needle with an exposed sensing tip of about 2 +L long and 
1 p wide, which detects the local oxygen concentration 
and sends signals to a picoammeter for readout and re- 
cording. In this work an oxygen microprobe was attached 
to a micromanipulator which allows three-dimensional 
movements of the sensing tip with increments of 5 p. 
When a microprobe was placed near an air-water inter- 
face, typical signals on n recorder chart are shown in 
Figure 3. The experimental apparatus given in Figure 2 
is essentially a stirred, gas absorption cell. When the water 

George T. Tsao is presently at the School of Chemical Engineering, 
Purdue University, West Lafayette, Indiana 47907. 

was stirred with the agitator at different speeds (revolu- 
tions per miniite marked in Figure 3), the signals (reflect- 
ing local oxygen concentration) were found to fluctuate 
at different frequencies. Each of the abrupt changes on 
the recorder curves was interpreted to reflect a renewal 
of the surface with R liquid element freshly brought to 
the interfacial zone by the agitator. By counting the 
fluctiiation frequency 011 the recorder charts, it was pos- 
sible to obtain n linear correlation between k ~ .  and 80.5, 
shown in Figure 4. This linear correlation agrees with 
Danckwerts’s surface renewal equation 

ICL = (D S)O.5 

and provides a direct experimental support to the Danck- 
werts theory. 
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